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ON THE CONDITION OF PLANAR LOCALIZED VIBRATIONS APPEARANCE IN
THE VICINITY OF THE FREE EDGE OF A THIN RECTANGULAR PLATE
M. V. BELUBEKYAN ∗
Institute of Mechanics of NAS of Republic of Armenia

On the basis of the equations of generalized plane stress state the problems of planar
vibrations of a rectangular thin plate are investigated. It is established possibility of the
appearance of vibrations with amplitude decreasing exponentially, when moving from
free edge to the opposite fixed edge. The conditions of the appearance of such localized
vibrations depending on the size of the plate and the methods of fixation of other three
sides are obtained.
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Introduction. Several works are dedicated to the problems of wave propagation along
the free edge of the semi-infinite thin plate (see, for example [1, 2]). The investigations of
edge waves are conducted on the base of the equations of generalized plane stress state. At
three-dimensional statement, the edge waves are considered in [3]. In the case of plates
with limited dimensions, perhaps more suitable is the expression “vibration, localized in the
vicinity of the free edge”.
In the paper it is shown how it is possible to obtain the dispersion equation of the edge
waves with limiting transition from the solution of the problem for rectangular plates.
1. Thin elastic plate occupied (in the Cartesian coordinate system) an area
0 ≤ x ≤ a, 0 ≤ y ≤ b, −h ≤ z ≤ h. The equations of plate are following [4, 5]:
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here u, v are planar displacement of median plane (z = 0) of plate, ∆ is two-dimensional
Laplace operator
ct2 = G/ρ, θ1 = (1 + v)/(1 − v),
(2)
where G is shear modulus, v is Poisson ratio, ρ is the plate material density, ct is pure shear
wave velocity.
The expressions for the forces in the plate are following:
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where C = 2Eh/(1−v2 ) is a rigidity of plate on tension (compression), E is Young’s modulus.
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It is known that with the help of the Lame transformations [5, 6]
∂ϕ ∂ψ
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+
, v=
−
.
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∂y
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The system of Eqs. (1) is reduced to autonomous equations:

(4)
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It is assumed that at the edges of plate y = 0, b there are the Navier-type conditions,
T2 = 0, u = 0. It is easy to show that these conditions for harmonic vibrations of plates
(exactly what is considered here) are equivalent to conditions ∂ ψ/∂ y = 0, ϕ = 0 for
y = 0, b [7].
The solutions of Eqs. (5) satisfying the mentioned above boundary conditions are
presented in the form:
ϕ = eiωt

∞

∞

n=1

n=1

∑ ϕn (x) sin λn y, ψ = eiωt

∑ ψn (x) cos λn y, λn = nπ/b.

(6)

Substitution (6) into Eq. (5) leads to a system of consistent equations relatively
functions ϕn (x), ψn (x) common solutions of which are as follows:
ϕn = An sinh λn p1 x + Bn cosh λn p1 x, ψn = Cn sinh λn p2 x + Dn cosh λn p2 x,
(7)
√
√
ω2
where An , Bn , Cn , Dn are arbitrary constants, p1 = 1 − θ η, p2 = 1 − η, η = 2 2 ,
λn ct
1−v
.
θ=
2
It is further assumed that the edge x = 0 is free, i.e T1 = 0, S = 0 under x = 0. These
conditions, taking into account the transformations (4) and submission (6), reduced to the
form
ϕn00 − vλn2 ϕn − λn (1 − v)ψn0 = 0, 2λn ϕn0 − λn2 ψn − ψn00 = 0 under x = 0.
(8)
2. On the remaining edge of the plate x = 0 would be considered various options for
the boundary conditions. Let on the fourth edge of the plate, as well as on the edges y = 0, b
the Navier conditions occur, i.e. T1 = 0, v = 0 under x = a. These conditions, taking into
∂ψ
account the conversion of the Lame (4), correspond to the conditions ϕ = 0,
= 0.
∂x
Demanding, that the general solutions of (7) satisfy the boundary conditions above, it
is easy to obtain:
ϕn = An sinh λn p1 (a − x), ψn = Dn cosh λn p2 (a − x),

(9)

where An and Dn are new arbitrary constants.
Substitution (9) into the boundary conditions of the free edge (8) leads to a
homogeneous system of algebraic equations relatively to the arbitrary constants
(p21 − v)An sinh λn p1 a + (1 − v)p2 Dn sinh λn p2 a = 0,
(10)
2p1 An cosh λn p1 a + (1 + p22 )Dn cosh λn p2 a = 0.
The equality to zero of the determinant of the system (10) leads to the equation that defines
the dimensionless parameter of vibrations frequency η
(2 − η)2 tanh λn p1 a − 4p1 p2 tanh λn p2 a = 0.

(11)

This equation in the limit a → ∞ (tanh λn p1 a → 1, tanh λn p2 a → 1) leads to the Rayleigh
equation (see [6]). Eq. (11) as Rayleigh equation, always (regardless of the attitude of the
plate sides) has a solution satisfying the condition
0 < η < 1.

(12)
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Accordingly, for a rectangular plate with three sides having the boundary conditions
of the Navier-type with one free side, there are vibrations, localized in the vicinity of the free
edge.
The second variant of the boundary conditions are the conditions as anti-Navier type
(or sliding contact)
S = 0, u = 0 under x = a.
(13)
The condition (13) regarding the function ϕ, ψ are following:
∂ ϕ/∂ x = 0, ψ = 0 under x = a.

(14)

From general solution (7) the following solution satisfying the conditions (14) is obtained:
ϕn = Bn cosh λn p1 (a − x), ψn = Cn sinh λn p2 (a − x).
After satisfaction of the boundary conditions of the free edge (8) is obtained

p21 − v Bn cosh λn p1 a + (1 − v)p
 2 Cn cosh λn p2 a = 0,
2p1 Bn sinh λn p1 a + 1 + p22 Cn sinh λn p2 a = 0.

(15)

(16)

The condition of equality to zero of the determinant of (16) system reduces to the form
(2 − η)2 tanh λn p2 a − 4p1 p2 tanh λn p1 a = 0.

(17)

In this case, for lim λn a → ∞ the equation of Rayleigh is obtained. However, here a solution
a→∞

satisfying the condition (12) does not exist for all λn a.
If Eq. (17) divides into p2 and η → 1(p2 → 0), the limited equation would be obtained
 √

√
λn a − 1 − θ tanh λn a 1 − θ = 0.
(18)
Designating the root of the Eq. (18) (λn a)∗ = ξ∗ conditions for the occurrence of
solutions, which satisfying the condition (12) (the appearance of localized vibrations), we
obtain λn a > ξ∗ .

√
In particular, at approximation tanh λn a 1 − θ ≈ 1 obtains
p
λn a > 2 2(1 + v).
(19)
A similar approach for finding condition of solution localization used in [8].
3. Let the edge of plate x = a is fixed. We have u = 0, v = 0 under x = a, or, taking
into account the Eqs. (4), (6), ϕn1 − λn ψ = 0, λn ϕn − ψn1 = 0 under x = a.
Substitution (7) into the last boundary conditions, leads to the following system of
algebraic equations for the arbitrary constants An , Bn ,Cn , Dn :
p1 An cosh λn p1 a + p1 Bn sinh λn p1 a −Cn sinh λn p2 a − Dn cosh λn p2 a = 0,
An sinh λn p1 a + Bn cosh λn p1 a − p2Cn cosh λn p2 a − p2 Dn sinh λn p2 a = 0.

(20)

For the system (20) joining the equations that are obtained from the requirements of satisfying
the boundary conditions of free edge x = 0 (2)
(2 − η)Bn − 2p2Cn = 0,

2p1 An − (2 − η)Dn = 0.

(21)

The condition of equality to zero of the equation system (20) and (21) determinant, brought
to the equation


4(2 − η)p1 p2 − (2 − η)2 + 4 p1 p2 cosh λn p1 a cosh λn p2 a+
(22)
+ (2 − η)2 + 4p21 p22 sinh λn p1 a sinh λn p2 a = 0.
For a → ∞ at condition (12), after some transformations the Eq. (22) brought to

(1 − p1 p2 ) (2 − η)2 − 4p1 p2 = 0.
From (22) follows the Rayleigh equation, i.e. p1 p2 6= 1.

Belubekyan M. V. On the Condition of Planar Localized Vibrations Appearance...

45

By dividing the Eq. (22) on p2 and letting η to unit (p2 → 0), we obtained an equation
that determines the parameter λn a leading to the appearance of localized vibrations:
√

√

√
√
4 1 − θ − 5 1 − θ cosh
1 − θ λn a + λn a sinh
1 − θ λn a = 0.
(23)
Particularly, in approximation λn a √1 the condition of occurrence of localized waves
in the following form is obtained λn a > 5 1 − θ . In compare with the case where at the
edge x = a there are the conditions of sliding contact (19), the parameter λn a is increased
1.25 times.
Conclusion. The problems of vibration of thin plate are considered, when at two
opposite edges the Navier conditions are given, the third part is free and on the fourth, free
opposite side are assumed three options: Navier conditions, sliding contact, rigid fixation. It
is established that in the case of the Navier conditions on the fourth side, localized vibrations
in the vicinity of the free edge, exist always. For the other two cases the conditions of the
appearance of localized vibrations depending on the plate side relations and Poisson’s ratio
are obtained.
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