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ON A GENERALIZED FORMULA OF TAYLOR-MACLAURIN TYPE
ON THE GENERALIZED COMPLETELY MONOTONE FUNCTIONS
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In the paper Taylor—Maclaurin type formulas for some classes of functions
are obtained. The main result of this study introduces an idea of the generalized
classes of (p;) completely monotone function. Under the various conditions
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and some related theorems are proved.
MSC2010: 30HOS.
Keywords: Riemann-Liouville type operators, (p;) completely monotone

functions.

Introduction. In the present paper are considered a system of functions

(ax |- (1°)
I'(1+A,) o
and a system of operators

o oo n—1 )
{Aanf}o AAunf Yoo Aanf (x) = ,HODE/ P f(x), A% f (x) = Dy %A f(x),n > 1, (2°)
=

no] 1
Agof=f,x€[0,d], A, = r ;, pj>1,po=1,24=0, 1—0@2;,]21,2,...;
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j=1

—a; @ _ i d _q .
D) = s | =0 rwdr, DY) = S0, =01,
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Note that in the papers [[1H8]] by author and prof. Dzhrbashyan were obtained
various generalized formulas of Taylor—Maclaurin type, using operators of Riemann—
Liouville type of fraction order and functions of Mittag—Leffler type. In these papers
it was introduced the concept of absolutely monotone functions (p), (p;), (P, 4;),
(pj, W;) and the problems of their representation were studied.

In the present paper we introduce the concept of generalized completely
monotone functions (p;) and study the problems of their representation. Note that
using some other operators prof. Badalyan has introduced the concept of generalized
regular monotone functions [9]].
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We introduce general classes (p;) of completely monotone functions and prove
some representation theorems under the conditions:

oo B B oo . (a—x)lk .
a) Jz::l l/p] - +°°7f(x) — kz:%)(—l)kAakf(a)m7 X E [0,61],

SETP N (1)t (@a—x)* 1 ¢
b)gl/p]<+ ,f(x>—k§)( DA @ T 20 F(1+M)/x (t—xY=du (),

=1
x € (0,a], Ao = Z —.
j=1Pj

Preliminary Information and Lemmas. Let f(x) be an arbitrary function
from L(0,7) (0 <[ < +o0). The function
1 X
D) = D) = g /0 (k=0 f@ndr, xe (0,0, (1)
is called the Riemann-Liouville integral of the function f(x) of order
o (0 < o < +o0) with a lower limit at the point x = 0, and the function

I
DFf (W) = g [ (=0 (0. xe 0.0 @)
is called the Riemann-Liouville integral of function f(x) of order @ with an upper
limit at the point x = [.
At each Lebesgue point of the function f(x) and consequently almost
everywhere on (0,/), we have alinioD_a f(x) = f(x), so we define D° f(x) = f(x),
x€(0,0).Letp >1,1/p=1—0a (0 < o < 1). Then the function

d
ODl/pf(x)EDl/pf(x)EaD “f(x) (3)
is called Riemann-Liouville derivative of order 1/p for f(x) with lower limit at x = 0.
1/p dD;af (x) . .. . .
D/ f(x)= — called the derivative of the function f(x) with upper

limit at x = [ (see details in [10], Chap. 9).
The function of Mittag—Leffler type

Zl’l
Eyz,u) =) ——m, >0, 4
p(z,10) H;,F(;an*l) p @
is an entire function of order p and type 1 for any value of the parameter p [[10].

For any pt > 0, o > 0 the following formula holds:
1 2
@) / (z—0)* T Ey (AP, )t dr = OB, (AP ), ()
0
where A is a complex parameter and the integration is taken over a curve connecting
the points 0 with z ( [10], Eq. (1.16)).

Lemma A. [1]. Let ¢(x) € L(0,]) (0 < < +o0) and let A be an
arbitrary parameter. In the class of functions y(x) € L(0,1), D'/Py(x) € L(0,1) the
problem of Cauchy type

D'Py(x)+ Ay(x) = @(x), x € (0,1); D~ *y(x)| _, =0, 6)
has a unique solution Y (x,A), which can be expressed in the form

Y(x,4) :/Oxep(x—t,mp(t)dz,xe (0,1), ep(x,4) = Ep(—Ax'/P 1 /p)x!/P=1. (7)
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From the Lemma A it particularly follows that in case ¢@(x) = 0 we have
DYPy(x)+Ay(x) =0, D %y(x) |0 =0,
and the problem of Caushy type has a unique solution y(x) = 0. The following lemma
is a version of Lemma A.
Lemma 1. Let ¢(x) € L(0,a), 0 < a < 4o, and A be an arbitrary
parameter. Then in the class of functions satisfying the conditions y(x) € L(0,a),
and D)/° y(x) € L(0,a) the problem of Cauchy type

D y(x) ~Ay(x) = o(x), x€ (0,a), D"¥()[,_, =0, ®)
has a unique solution Y (x, ), which can be expressed in the form
Y(x,/m):—/ ep(t —x, A)p(0)dr. )
X 1 »
From (9) for A = 0 we get y(x) = — / t—x)"P o (r)dr.
ety = ~g 77 [ =900

Lemma 2. Let ¢(x) €L(0,a), p>1, 1 —a=1/p. Then in the class of
functions y(x) € L(0,a), y'(x) € L(0,a), Dtl/py’(x) € L(0,a) Cauchy type problem
1 _
DY/Py(x) = (x), x € (0,a), y(x)|_, =0, ¥(®)|_, =0, D% (x)|,_ =0, (10)
has a unique solution
1 a y
X)==——— [ (t—x)"Po(t)dr. 11
Y0 = gy . 0000 (a1
2. Formula of Taylor-Maclaurin Type. Let sequences {px }¢, po = 1; { o }5
oo = 0; { A}y, Ao = O satisfy the conditions

k
pe>1, a=1—1/pr, =Y 1/p;, k=12,.. (12)
j=1
Consider the sequence of operators on an admissible class of functions f(x).

{Aunf(X)}5, {A;.f(x)}y defined by
n—1
Aanf () = [T (%) (Auof =, Aarf = /%)), n>0,
j=0
A5 f(X) = D% Auuf(x), Alof = f,

where DY/’ f(x) = %D;a’f(x),D;a’f(x) = F(ixl,-) /xa(;_x)arlf(;)dt, j=0,1,...

(13)

Consider the sequence of functions

(a —x)lk -

F(l -+ lk) 0 ’
Note that operators like (I3) and a system like (T4) were introduced in [2].
Lemma 3. Let¢(x) € L(0,a). Then in class of functions A, xy(x) € L(0,a)
(Aa,oy(x) =y(x), Ag1y(x) =y (x)) the problem of Cauchy type
Agni1y (x) = @(x), y(x)‘x:a =0, D;“"Amky’(x)}x:a =0 (k=0,1,...,n) (15)
has a unique solution Y (x), which can be expressed in the form
(_1)n+1

_ ‘() _y !
Y(x)—r(l_i_}tn)/x(t Iewd, =Y o (16)

Notice, that for n = 1,2 Lemma[3]is true according to Lemma 2.

x € [0,qa]. (14)
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Proof. We carry out an induction argument to prove of the Lemma.
Assuming that Lemma 3]is true, we show that the problem of Cauchy type

Aa,n‘i’zyl(x) = (p(x)7 DS (O,Q),y(x)‘x:a = 07 (17)
D %A y(x)| _, =0, k=0,1,2,....n,n+1,

has a unique solution
y(x) — ﬂ /“(t _x))tnﬂ (P(t)dt (18)
( + A«n—&—]) X

Note that A, 42y (x) = Dl/p’”'(Aa,nﬂyl(x)) =¢(x).
Denoting  Agn1y'(x) = Y(x) we can wiite D/”"'Y(x) = o(x).

AccordingtoLemma(for?L:O), Y(x):—r(l/lp)/ (t—x)'/Pri= o (r)dr, ie.
n+1) Jx
1 a
Agniry :—7/ t—x)/Pi=Lo(r)dr. 19
n+1y ()C) F(l/anrl) 8 ( X) (p( ) (19)

Since Lemma[3]in true, we have

_ 1)+l a a

- (_1)n+ ’ ! 11—
F(1+}Ln)r(1/pn+l)/x ‘P(T)df/x (t —x)™ (T —1)l/Pee—1gy.

(20)
Obviously,

T 1
/ (t_x)ln(f_l»)l/plﬂrl_ld[: (T_x)ln‘i'l/prwl/ (1 _v))mvl/pwrl_ld\/:
X 0

_ (T _x)7Ln+11"(1 + )'n)r(l/prﬁl)
N C(1+ i) '

From and we get y(x) =

21

(=D e N
W/x (t — x)*1g(t)dt,

i.e. Lemma3|is true for any n > 1.
Lemma 4. Forany n > 0 the following relations hold:

(@—x* | _ . Jla—x0M | _ _
1.Aa’k{w}—Aa’k{M —O,kzn—l—l,xE(O,a), (22)

* (a_x)ln _ n.

2. A{F(HM} i = (=% (23)
% (a_x>2'n -

3. A“”‘{F(l%n)} ) =0, 0<k<n—1. (24)

Lemma 4 is easy to prove similarly to the proof of Lemma 1 from [2] .
Lemma 5. Foranyn > 0 the coefﬁcients {Ci}, of the sum
x)H

Z Ck 1 —i—)tk 25)

can be determined by the formulas
Ce= (1A} {P.(0)}],_,, 0<k<n (26)
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Proof. Assuming that 0 < j < n. We apply the operator A, ; to the function
P,(x). Then, using (22) and (24), we can have

M|
ZCA { l—l—/lk)}

(@) (a—)h 7
=C.A* . CiA,
, w{n A g o floet )
From l.) for x = a we get A {Pu(x M, = (=1)/C;;, 0<j<n, ie.
Cj= (1A R 0

We denote by Cn+1{(0,a),<pj>} the set of functions f(x) satisfying the
following conditions:

1) the functions A;kf(x),k =0,1,...,n, are continuous on [0,q];
2) the functions A, f(x),k=0,1,...,n,n+ 1, are continuous on (0,a) and
belongs to L(0,a).
. . (a—x)M
It is easy to see that each the function T k=0,1,..., and each
C(1+ )

polynomial P,(x Z Ck belongs to the class C,+1{(0,a), (p;)}.

)

We prove the followmg theorem.
Theorem 1. If f(x) € C,y1{(0,a),(p;) }, then for any n > 1

1 (a— x)lk

ﬂm=ﬂ<w@u@ﬁﬁ%f«m»
e
Ry(x) = T(1+ )/( ) Aagn1f(t)dt

>~

(28)

(1
Proof. We put P,(x) = i(—l)kA;k (a) (a— ;L and R,(x) = f(x) —

k=0 (

©)

P,(x). We notice that

A Ry ()}, =0, k=0,1,2,....n; Agnr1{Rn(x)} =Aans1 f(1). (29)
Since Ag i1 {Rn(x)} = HDl/p’R’ and D, %A R,(x)| _ =0, k=0,1,....n,
using Lemma we get R,(x) = ﬂ /a(t — ) A f(2)d. O

C(1+1,) Jx ’

Note that the Taylor—Maclaurin type formulae are obtained in the papers [3-8]]
by author and also in articles [9}/11]].

3. (pj) Completely Monotone Functions. We denote by C..{(0,a),(p;)},
the set of functions satisfying f(x) € C,41{(0,a),(p;)} for any n > 0. We say a
function f(x) is (p;) completely monotone, if

1. f(x) € C{(0,a),{p/)}; (30)
2. (=1)"Aunf(x) >0, Agof =f, n>0, xe(0,a). 31)

We denote by C.{(0,a),(p;)} the class of (p;) completely monotone functions.
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Theorem 2. Let f(x) € C5{(0,a),(p;)} and i 1/pj = Aw = 4-o0. Then
=1
_ - 1)k g (a_x)lk
f()C) _];)( 1) Aa,kf(a) F(l +}Lk)
Proof.From (28) we have
109 = ¥ (-1} 5 e
fr? T+ M)

(=1t IR
Ry(x) = == [ (t—x)"A t)dt.
Vl(x) F(l—l—ln)/x ( X) 07”+1f( )
Observe, that if (—1)fA,;f(x) > 0, then (—1)"A27kf(x) >0, k=0,1,...,
since by we have A} f(x) = D, %A, f(x). Let xo be some fixed number and
0<xg<x<t<a.Then

, x€(0,a]. (32)

+ R, (x),

1 “ A n+1
< = = —_ n — <
0<R(Y) = Fr 7y = 1) A £}t < .
A
r—x\™ 1 “ A n+1
< —xo){(— .
<mox ((25) i [ L )
On the other hand,
< * (a_'xo)kk
flxo) =Y (1AL f (@) m v+
10 kgo Vhax C(1+A) (34)
- o Mf(_1\n+1
e L D A f 0t
From (34)) it follows
- = “ _ A f(__1\n+1 <
Rul20) = gy . 0 () A fO) < ). G9)
From and we can have
A
t—x \™
OSRn(x)gxrgagxa<t_xo> f(xo). (36)
t—x\™ a—x\™
Obviously max( > :< ) — 0, as A, — +o0, consequently, from
x<t<a \ I —Xp a—Xxp n—yeo
(36) we get lim R, (x) =0, Vx € (0,d], i.e f(x)—i(—l)kA* f(a)w
= BT L T+ M)

Theorem 3. Let f(x) € Ci{(0,a),(p;)} and Y 1/p;=Au < +oo.
j=1
Then there exists a function p(x) that is non-increasing on (0,a] and bounded
on any interval [a;,a] C (0,a] such that f(x) possesses the representation
> — )M 1 a
Y (1A fla) A /t— T dut 0,a).

k=0
(37

Proof. Denote
gn(x):/ (=)™ A 1 f(0)dt, n>1, x€(0,a). (38)

X
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Let us show that the sequence {g,(x)}} satisfies the conditions of Helly’s first
theorem. Namely, for x € (0,a] we have

a
0<gu(x) <M, \/(gn)SM, n>1. (39)
0
—xy — Ve
Let 0 < x; <x; <x < a. Since lim (2 —x)™ _ (—x1)

= , there exists number
n—yoo F(l—i—)tn) 1"(14_100)
g\ 1 Ve
ng such that for n > nyg, M (2 —x1)

—.—————and consequentl
(1—|—7L) 2 T+ Aneny

XT“I /{ 1 A1 £ () bt <

5
< le__sll / { n+1Aa,n+1f(l’)}dl‘ < (40)

Sm ; (=) (= 1) A £(1) Y.
Observe that

ﬁJ,/Q — ) ()" A S0}t = Ro(x1) < f(x1). (D)

From (40) and (41) we get — z_xl)am gn(x) < f(x1), ie
SN N EY WL Ve

n()SMf( 1), 0<x <m<x<a. 42)
(xz—x1)l°°
Itiseasytoseethat\?(gn):gn(x)_gn(a):gn(x)S2F(1+M)f(x1)

(Vn>1, gn(x)
(x2 —xp) ’
is non-increasing). Using Helly’s first theorem, we conclude from (@2)) that there
exists a subsequence g,, (x) such that lim g, (x)
nj—ro

x) = u(x), x € (0,a]. We note that

Bl = gy L 0 ) A () =

_M/xa(t—x)lnkd (/,a(_l)nk+1Aa7nk+1f(T)dT>
F(1+17Lnk)/xa(tx>l”"d{gnk(r)}.

From here, using Helly’s second theorem, we get

= (43)

Jim R () =~ |- au)

oo

hence /(1) = ¥ ()45l 40 L [ an. O
) T+ A) T(1+40) L '

In conclusion, consider the following example
AV
Let f(x) = %, x € [0,a]. We showed that f(x) € CL{(0,a),(p;)}

Easy to get
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wflt) 1 B
“E) T(1+ Aws) 1 ’
T‘<lw—-2:1/Pj>
=1

(44)

a—Xx Aes
(1yA%k{étl+;m)};2’k::QI”‘” (44")

A= X 1/p;
) _ A
(=) Z,k{r(?lf;w)}z C x)k , x€10,a]. (45)
M—Zl/m‘“)
j=1
e
Z,k{r(?lfiw)} =0, k=0,1,.. (46)

a—x)* °°
From 1i we get f(x) = IE(H—LO) = _F(lj—lm)/x (t — x)*=du(r),

2, 0<t<a,
where u(t) = {1 =f=d
, t=a.
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